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Abstract 

In this paper relations of non-empty intersection, inclusion end equality 
of domains of functions for (2, n)-semigroups of partial n-place func- 
tions are investigated. 

1 Introduction 

Investigation of partial multiplace functions by algebraic methods plays an 
important role in modern mathematics where we consider various operations 
on sets of functions which are naturally defined. The basic operation for n- 
place functions is a superposition (composition) O of n + 1 such functions, 
but there are some other naturally defined operations, which are also worth 
considering. In this paper we consider binary Mann's compositions ©,..., ® 

In 

for partial n-place functions introduced in [2], which have many important 
applications for the studies of binary and ra-ary operations. Algebras of n- 
place functions closed with respect to these compositions were investigated, 
for example, in |Hj and [T2] . 

2 Preliminaries and notations 

Let A n be the n-th Cartesian product of a set A. Any partial mapping 
from A n into A is called a partial n-place function. The set of all such 
mappings is denoted by J : {A n , A). On J 7 (A n , A) we define the superposition 
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(composition) of n-place functions O : (/, <?i, • • • ,g n ) | — > f[gi ■ ■ ■ 9n] and n 

binary compositions ©,...,© putting 
l n 

f[gi ■ ■■g n ](au ■ • • >«n) = / (01(01, • • • ,071)3 • • • ,ffn(«l, • • -,an)), (1) 

(/©o)(ai, • • • ,o n ) = /(ai, . . . ,ai-i,g(ai, . . .,a n ),a i+1 , . . . ,a n ), (2) 
i 

for all /, g, gi, . . . , g n € .F(j4 n ,A) and (a±, . . . ,a n ) G j4 n , where left and 
right side of (JTJ and (J2J) are defined or not defined simultaneously. Since, as 
it is not difficult to verify, each composition © is an associative operation, al- 

i 

gebras of the form ($;©,..., ffi) and ($; O, 0, . . . , ©), where $ C T{A n , A), 

In In 

are called respectively (2,n)-semigroups and Menger (2, n) -semigroups of 
n-place functions. 

According to the general convention used in the theory of n-ary systems, 
the sequence Xj, . . . ,Xj, where i ^ j, can be written as x\ (for i > j 
it is the empty symbol). In this convention Q and © can be written as 

/W](o?)=/(0lK),---,0nK)), 
(f(Bg)(a n 1 ) = f(a\- 1 ,g(a n 1 ),af +1 ). 

i 

An algebra (G; o) with one (n + l)-ary operation o satisfying the identity 
°(°( a; o), Vx) = o(x , o(xi, y"), . . . , o(x n , )) 

is called a Menger algebra of rank n (cf. PQ, [7j). Such operation is called 
superassociative and by many authors is written as o(xq) = xq[x'i]. In this 
convention the above identity has the form 

x [x^M}=x [x 1 [y^...x n [y^)}. (3) 

It is clear that a Menger algebra of rank 1 is an arbitrary semigroup. 

Let {©,..., ©} be a collection of associative binary operations de- 
1 n 

fined on G. According to [S] and ^2], an algebra (G; ©,...,©) is called 

1 n 

a (2, n)- semigroup. By a Menger (2, n) -semigroup we mean an alge- 
bra (G; o, ©,..., ©), where (G;o) is a Menger algebra of rank n and 

1 n 

(G; ©,..., ©) is a (2, n)-semigroup. Any homomorphism of a (Menger) 

In 

(2, n)-semigroup onto some (Menger) (2, n)-semigroup of n-place functions 
is called a representation by n-place functions. A representation is faithful 
if it is an isomorphism. 
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The symbol /Xj(ffi xf), where Xi, . . . , x s G G and ©,...,© are binary 



operations defined on G, denotes an element Xi k © x s k+l if i = and 

i ^ i p for all p < ^ s. Ii i ^ i p for all i p G {ij, . . . ,i s } this symbol is 
empty. For example, ui(©x©y©z) = yffiz, tof© x © ?/ © z) = x©y©z, 

213 3 213 13 

tofffi x © y © z) = z. The symbol uA@ x © y © z) is empty. 

2 13 2 13 

In 8 it is proved that a (2, n)-semigroup (G; ©,...,©) has a faithful 

In 

representation by n-place functions if and only if it satisfies the implication 

A [ih{®x{) =Hi((BVi)) — » 5exf= 5 ©2/1- (4) 
j' = } V *i Ji / J i 31 

For Menger (2, n)-semigroups the following identities must be satisfied ad- 
ditionally 

(x®y)[z^=x[z\- 1 y[z^z- +1 ], (5) 

i 

x[ ? / 1 t ]ffiz = x[yi©z...y n ffiz], (6) 

i i i 

x®y{ =x[Ati(©2/f)... j u n (fflyf)], (7) 

ii ii ii 

where {ii, . . . , i s } = {1, . . . , n} and i = 1, . . . , n. In the sequel, any (Menger) 
(2, n)-semigroup satisfying the condition (J3J (respectively, ©, ©, © and 
(J7J) will be called representable. 

Let <3? be some set of n-place functions, i.e. C J-'IA 71 , A). Consider the 
following three binary relations on <£: 

X<£ = {(/, 9) G $ x $ [ pr x / C prj 5}, 
7* = {(/, 9) G * x $ I pri / n prj 5 / 0}, 
= {(/,<?) G$x$|pr 1 / = pr l5 }, 

where pr x / is the domain of /, called respectively: inclusion of domains, 
co- definability and equality of domains. 

Abstract characterizations of such relations for semigroups of transfor- 
mations were studied in [3], j^j, [fj] and for Menger algebras of n-place func- 
tions in 0, ^U], In this paper these relations will be characterized in 
(2, n)-semigroups and Menger (2, n)-semigroups of n-place functions. 
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Consider a representable (Menger) (2, n)-semigroup (G; ©,...,©) (re- 

1 n 

spectively, (G; o, ©, . . . , ©)) and its representation P by n-place functions. 

1 n 

On the set G we define the following three binary relations: 

XP = {{9i,92)\pT 1 P(g 1 ) C pi 1 P(g 2 )}, 

IP = {(91,92) I pr x P{gi) n pr x P(52) / 0}, 

vrp = {(51,52) |priP(5i) = P^ 1 P(g 2 )}. 

It is not difficult to see that xp ls a quasi-order and irp is an equivalence 
such that Tip = xp H Xp 1 , where Xp 1 = {(^> a ) I (°> &) £ Xp}- 

Let (Pj)j £ j be a family of representations of a representable (2, -^-semi- 
group (G; ©,...,©) (respectively, representable Menger (2, n)-semigroup 

1 n 

(G; o, ©,..., ©)) by n-place functions defined on sets (A)ie/ respectively, 

1 n 

where the sets A4 are pairwise disjoint. The sum of (Pj)j 6 / is the mapping 

P : g i-> P(g), denoted by ^ Pi, where P(g) is an n-place function on 

iei 

A = |J Ai such that P(g) = |J Pj(^) for every g £ G. The sum of a family 

of representations by n-place functions is also a representation by n-place 
functions and 

XP = H XPi, 7P = IJ TP;, 7TP = n TTPi- (8) 

iG/ «e/ iei 

Let be a zero of a (2, n)-semigroup (G; ©,...,©) (respectively, Menger 

1 n 

(2, n)-semigroup (G; o, ffi, . . . , ©)), i.e. Offig = g©0 = (respectively, 

In i i 

0© £ , = £ ,©0 = 0and = g[g^ gf +l ] = 0) for alH = 1, . . . , n and 

i i 

g, g±, . . . , g n G G. We say that a binary relation p C G x G is ^-reflexive, if 

(5,5) ^ z 9 f° r all 5 G G \ {0}. A symmetric relation p which is reflexive if 

€ pr x p, and 0-reflexive if ^ pr x p, is called a 0- quasi- equivalence. 

A binary relation A on a Menger (2, n)-semigroup (G; o, ©,..., ©) is 

1 n 

called: 

• I -regular, if 

xAy^aK] A (9) 
a; Ay — >x©zAyffiz (10) 

i i 

for alH = 1, . . . , n and x, y, z, z±, . . . , z n G G, 
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• l-cancellative, if 




x Ay 



x Ay 



(11) 
(12) 



for all i = l,. 



n and x,y, z, z%, . . . , z n G G, 



• v-negative, if 



x[Vi] A yi , i 



= 1, . . . ,n, 



(13) 



x©yf A/ij(0yf) 



(14) 



for all x, j/i, ... , £ G, k = max{n, s} and j G {z'i, . . . , i s }. 

In the case of (2, n)-semigroups these relations are defined only by (|1U|) . (|12j) 
and (|14|). respectively. 

3 Projection representable relations on Menger 
(2, n)-semigroups 

Let Q = (G; o, ffi, . . . , ffi) be a representable Menger (2, ra)-semigroup, \-> 7> 

In 

7r - binary relations on G. We say that the triplet {x-,1^) ls {faithful) 
projection representable for Q, if there exists such (faithful) representation 
P of Q by n-place functions for which x = XPi 1 = IP an d 7r = 7rp. 
Analogously we define projection representable pairs and separate relations. 

In the sequel, instead of (51,52) G X-, (5i; 52) G 7 and (51,52) S 1 we will 
write 51 C 52, 51T52 and 51 = 52, respectively. 

Theorem 1. A triplet {x-,!-,^) °f binary relations on G is projection rep- 
resentable for a representable Menger (2, n)- semigroup Q if and only if the 
following conditions are satisfied: 

(a) x is an l-regular and v-negative quasi-order, 

(b) 7 is an l-cancellative 0- quasi- equivalence, 

(c) vr = x n 



hi~Th 2 A /ii C 51 A h 2 C 52 



5i T 52 



(15) 



/or a// hi,h 2 ,gi,g2 G G. 
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Proof. Necessity. Let ($; O, ©,..., ©) be a Menger (2, n)-semigroup of n- 

1 n 

place functions determined on the set A. Let us show that the triplet 
(x$ , 7$ , ) satisfies all the conditions of the theorem. 

At first we prove the condition (a). The relation x$ is obviously a 
quasi-order. Let f,g,h\, . . . ,h n G and (/,<?) G x*> i- e - P r i / C pr x 5. 
Suppose that a G pr x /[/i™] for some a € A n . Then 7^ 0, i.e. 

{/(/11(a), . . . h n (a))} 7^ 0. Thus (hi(a), . . . h n {a)) G pr x / and, in the con- 
sequence, (h\{a) , . . . h n (a)) G pr x (7. Therefore {g>(/ii(a), . . . /i n (a))} 7^ 0, 
whence {g[/ii](a)} 7^ 0, i-e. a G pr x So, pr^f/i™] C pr x which 

implies {f[hi],g[hi]) G x<i>- Similarly we can prove that for all f,g,h G $ 
and i = 1, . . . , n, from (/, <?) G x$ h follows (/ © h , g h) G This means 

that the relation x$ is /-regular. The proof of the v-negativity is analogous. 

To prove (b) let be a zero of a Menger (2, n)-semigroup 
($;0, ©,...,©). If 9 / 0, then pr x 9 / 0, whence (9,6) G 7$. Thus 

1 n 

9 G pr x 7$. So, in this case 7$ is reflexive. For 9 = we have pr x 9 = 0. 
Therefore 9 pr x 7$, i.e. (/, /) G 7$ for every / 7^ 9. Hence 7$ is 
9-reflexive. Since 7$ is symmetric, the above means that 7$ is a 9-quasi- 
equivalence. 

Suppose now that (f[hi],g[hi]) G 7$ for some f,g G <£, /i™ G <£ n . Then 
pr x /[/i™] fl pr x 7^ 0, i.e. there exists a G A n such that a G pr x /[/i™] 
and a G pr^/i?]. Therefore {/[/i?](a)} 7^ and 7^ 0. Thus 

{/(/11(a), . . . h n (a))} 7^ and {g(/ii(a), . . . h n (a))} 7^ 0, which shows that 
(/ii(a),...,/i n (a))epr 1 /npr 1 3. So, (/,s)G7$. Analogously, for f,g,he 
$, i = l,...,n, from (/ © fa, g © /i) G 7$ it follows (/, g) G 7$. So, 7$ is 

i i 

/-cancellative. 

Since in (c) the first condition is obvious, we prove (|15|) only. For this 
let (hx,h 2 ) G 7$, G x* and (h 2 ,g2) G x* for some h,h 2 ,gi,g 2 G 

Then pr x h\ 17 pr 1 h 2 ^ 0, pr x /ii C pr x 51 and pi 1 h 2 C p^ g 2 , whence 7^ 
pr x hi n pr x /i 2 C pr x 51 (7 pr x 5-2- Thus pr x #1 17 pr x g 2 7^ 0, i.e. (51, 52) G 7$, 
which proves ()15() and completes the proof of the necessity of the conditions 
formulated in the theorem. □ 

To prove the sufficiency of these conditions we must introduce some 
additional constructions. Consider the triplet (x, 7, tt) of binary relations on 
a representable Menger (2, n)-semigroup Q = (G; o, ©,..., ffi) satisfying all 

1 n 

the conditions of the theorem. Let e\, . . . , e n be pairwise different elements 
not belonging to G. For all xi, . . . , x s G G, i = l,...,n, and operations 

is 

©,...,© defined on G by /w|(ffi x\ ) we denote an element of G* = GU 

ii is il 
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{e\ , . . . , e n } such that 

ft'(^i) 



Hi{®x{), if i G {h,...,i s }, 
if i g" {n, . . . ,i s }. 



Consider the set 21* = G n U2loU{(ei, . . . , e n )}, where 2lo is the collection 
of all n-tuples (xi, . . . , x n ) G (G*) n for which there exists yi, . . . , y s G G and 

ii, ■ ■ ■ , i n G {lj • • • j ^} such that Xj = //*(© yf ). Let (hi, h^) G G 2 be fixed. 

h 

For each g £ G we define a partial n-place function P(h 1 ,h 2 )(9) : 21* — > G 
such that 

' /ii C y[x?] V /i 2 C y[x?] if xf 8 G G n , 
/ii C 5 V h 2 C 5 if x? = ej, 



x? G p^P^^y) 



< > < 



/ii c y©yf v /»2 c y©yf if xi = ^(eyf), 



21 



H «1 

i = 1, . . . , n, for 
some yf G G s and 
ii ... ,i s G {!,... ,n}. 



For x r { G prj P( hl ,h 2 )(g) we put 



if x? = e?, 



P{h u h2)(9){xT. 



( g[x r {] if x™ G G n , 
.9 

yffiyf if Xi = /iJ(eyf), 

ii ii 

i = 1, . . . , n, for 
some yf G G s and 
ii . . .,i s G {!,... ,n}. 



(16) 



Let us show that P(h 1 ,h 2 ) ^ s a representation of Q by n-place functions. 

Proposition 1. The function Pi ^ 1 ,/ l2 )(y) is single-valued. 

Proof. Let x" G pr x P(/ lli / l2 )(y), where g,h±,h2 G G are fixed. Since for x™ G 
G n and x™ = e" the value of P^ 5 h 2 ) (y) (x") is uniquely determined, we verify 

is 

only the case when x« = u*(© yf ), i = 1, . . . , n, for some yf G G s . If for some 



z\ G G k and ji, ■ . . ,jk G {1, . . . , n} we have also Xj = u*(© zf), i = I, . . . ,n, 

h 
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then )Uj(©yf) = z\) for every i = l,...,re, which, according to (@J), 

implies g © yf = y © zf. This means that also in this case Pr hljh2 \(g)(xi) 1S 
h h 

uniquely determined. Thus, the function Pfh 1 ,h 2 )(9) 1S single- valued. □ 
Proposition 2. For all y, g±, . . . , g n , hi, hi G G we have 

P(hi , hi) (9[9l ] ) = P(hi , ha) (5) [ P (hi , ha) (9l) ■ ■ ■ P (hi, ha) (9n)} ■ 
Proof. Let g,g 1: . . . ,g n E G and x? G pr x P (hl)/i2) (y[yf ]). If x? G G n , then 

^□y[y?][x?] V/> 2 Cy[y?M], 
whence, applying the superassociativity (JHJ), we obtain 

hi C ^[sj] . ..g n [x n i\] V /i 2 C y[y x K] . ..&>[*?]]. (17) 
This together with the v-negativity of x implies 

hi C g l [x 1 l] V h 2 n gi[x^}, i = l,...,n. (18) 

From (HZJ it follows that (yi[x?j, . . . ,g n [xi}) G P r i -^hi,/^), from (JTED 
that x™ G P(h 1 ,h 2 )(9i)i i = 1, ■ ■ ■ ,n. So, if x™ G G n , then 



(yi [a? ] , • • • , 9n [x?] ) G pr x P {huh . 2) (g), 

n 

A^e P(h 1 ,h 2 )(gi)- 

i=l 

(19) 

Analogously we can verify that 



Gpr 1 P (hljh2) (y[y^]) 



< ► < 



(yi,---,yn) G pr 1 P (/lljfe2 )(y), 
n (20) 



^ i=l 



Now let Xj = //*(© yf), i = 1, • • • , n, for some i\, . . . , i s G {1, . . . , n) and 

h 

yf G G s . Then x\ G pr x P(h 1)ha )(^I>?]) implies 

hi cy[yi]©yi v /i 2 c y[y"] ©yf, 

which, by (JSJ), is equivalent to 

hi c y[yiffiyi s ---yn©yi s ] v fr 2 c y[yi©yi---yn©y!]- (21) 

il ii ii ii 



Prom this, applying the u-negativity of Xi we obtain 

hi C 9i © 2/i V /i 2 C ft © 2/i (22) 

»i »i 

for every i = 1, . . . ,n. 

The condition 1)21(1 is equivalent to (gi © yf, . . . ,g n © yf) G 
P*l p (hi,h 2 ){9)- The condition (JUJ) shows that x\ G pr x P(h u h 2 )(9i) 

is 

for every i = 1, . . . ,n, where Xj = //*(© yf), i = 1, . . . ,n. So, 

ii 

is 



»i epriP(fc 1)ha )(^br]) < — ► < 



(ffl © V{, ■ ■ ■ ,9n © Vx) e P r l P(h 1 ,h 2 )(9), 



'■1 



A a" G priPf/u.ha)^), 

V i=l 

(23) 

where Xj = //*(© yf), i = 1, ... ,n. 

Let G P T iP(hi,h2)(9\3l])- ^ x i G then, according to (fTB)) and 
(|19p . we have 

P^M^M^) = s[tfK] =^[x?]...(fe[ aJ ?]] 
= P(/ ll ,fe)(5)(3l[^i]>--- ! 5nK]) 
= P(h u h 2 )(9) {P(h u h 2 )(9i)(xi), • • • , P^, ha) (&»)(&?)) 
= P(h 1 ,h 2 )(g) [P{hxM)^9i) ■ ■ ■ p (h l! h 2 )i9n)] 
Similarly, we can prove that 

for Gpr^^^]). 

is 

If G prxP^,^)^^"]), where Xi = //*(©yf), i = l,...,n, for some 

ii 

yf G G s , ii, . . . ,i s G {!,..., n}, then, according to (|T6|) and (|23|) . we obtain 



P(/n, ha) teb? ])(*?) = sbi] © 2/! = © yf . . . 9n © yf] 

h h h 

= P{h x ,hA9){9l © Vi , ■ ■ ■ , 9n © yf) 

= P(fci,ha)(3) (P(Ai,A2)(5l)(aJi)> • ■ ■ . P(Ai,A2)(5n)(xi)) 
= P(h 1 ,h 2 )(g) [P(hi,h 2 ){9l) ■ ■ ■ P(/n,ft 3 )(Sn)] 
The proof is complete. □ 
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Proposition 3. For all gi, g 2 ,hi,h 2 G G and i = 1, . . . ,n we have 

P{h 1 ,h 2 )(9i®92) = P {huh2) (gi)®P( hlih2) (g 2 ). 
Proof. Let x\ G pr x P( hlM) {gi ©52). If x? G G n , then 

/»! C (»i©S2)[xJ] V /i 2 C (51 ©52) fx?], 
i i 

which, by ©, is equivalent to 

hi C g 1 [x\- 1 g 2 [x n 1 }x^ +1 } V h 2 C 5l[4~ V*iK+i]- (24) 

This, according to the ^-negativity of x, implies 

hi rg 2 [x r {] V h 2 rg 2 [x 1 t]. (25) 

The condition means that {x 1 ^ , g 2 [x™], xf +l ) G pr x t h 2 )(gi)- From 
(|25() we obtain x\ G pr x P(h 1 ,h 2 )(92)- So, for a?" G G n we have 

„ , _ s / K -1 >52[x?],< +1 ) Gp^P^^) 
{ xl G prjP^.hajC^). 

(26) 

Consider now the case when x™ = e". In this case e" G 
P r i p {h 1 ,h 2 )(9i®92) means, by (JTZJ), that 

i 

&i C 51 ©52 V h 2 C 51 ©52- (27) 

j i 

Because gi® g 2 C Hi((B g 2 ) = g 2 , by the u-negativity of x, the above condi- 
tion gives 

hi C 52 V /i 2 C 52- (28) 
But M*(©52) = Hi{@g 2 ) =52 and fi* k (® g 2 ) = e k for fc G {1, . . . ,n}\{*}, so, 

i i i 

(|27j) implies (e^~ ,g 2 ,ef +1 ) G pr x P(/n,ft 2 )G7i)- On the other hand, from (|28|) 
it follows e" G pv 1 P( hl h2 ^(g 2 ). Therefore 

«f € m JW.wto <■>») " ( <f '•»•*'> 7' P '""'»» (9l) (29) 

[ e? G pr 1 P (hljh2) (5 2 ). 

In the third case when Xj = //*(© yf ), i = 1, . . . , n, for some yf G G s , 

h 

il, . . . , i s G {1, . . . ,n}, from G pr x P, hl h Agi ®g 2 ) we conclude 

i 

hi C (51 © 52) © 5i V /i 2 C (51 © 52) © Vt ■ (30) 

i ii i ii 
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Since \ is ^-negative, we have (51 © g 2 ) © y{ C Mi(©32©yf) = 92®y{, 

i ii 

which means that (J3(J|) can be written in the form 



2s 

© 

21 I %\ i\ 



hi C 52 © Z/i V /i 2 C 52 © yj. (31) 

ii ii 

But M*(©52©S/i) = Mi(©52©yf) = 52 ©5? and Mfc(©fl2©yf) = Mfe(©yf) 
for G {l,...,n} \ {i}. This, together with the condition Q3UJI . proves 

(x^ 1 , 52 © yf, £ P r i P(h 1 ,h 2 ){9i)- Similarly, from (|B"Tj) we can deduce 

ii 

x^ G p^P^ ft2) ((7 2 ). Therefore 

(xf \ 52 ©2/1,^+1 ) G p^P^^i) 



x™ G y*\P{h x M)(9l ©52) 



l S pr 1 P {huh2) (g 2 ), 



where Xj = /i*(ffi 7/f), i = 1, ...,n. 

h 

Let x™ G pr x Pf hi, hi) (91 ©52)- If sc" G G n , then, according to ((TH|) and 
(|26p. we have 

P(h u h 2 )(9i ©<&)(*?) = {J3i®92)[xfi = gi[x l 1 - 1 g 2 [x1]x^ +l ] 

= P(hi,h 2 )(gi) 1 ,5 2 [^],x" +1 ) 

= ^ 1 ,/ l2 )(5l)© J P(/ ll ,fc 2 )(52)K)- 

If x'1 = e", then, analogously as in the previous case, using (|TB|) and 
we obtain 

P{hi , ha) (91 © 52 ) (e?) = P (hl , fta) (51 ) © P(hi , ha) (92 ) (e?) . 

i « 

Similarly, in the case when Xj = /i*(© yf ), i = 1, . . . , n, for some yf G G s , 

h 

i\, . . . ,i s G {1, . . . , n}, we have 

^(hi.Aa) (fl ®92){x r l) = (5l©52)©yf 

= P(hi,ha)(9l){4~ 1 ,92®y s 1 ,Xi +1 ) 

11 

= P(hi,ha)(9l) {4~\P(hi,h 2 )i92)(xf),xf +1 ) 
= P(hi,h 2 )(9l)®P(hi,h2)(92)(x^). 
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This completes our proof. □ 

Basing on these propositions we are able to prove the sufficiency of the 
conditions of Theorem ^ 

Sufficiency. Let the triplet (x, 7, tt) of binary relations on a representable 
Menger (2, n)-semigroup Q = (G; o, ©,..., ffi) satisfies all the conditions of 

1 n 

the theorem. Then, as it follows from Propositions f° r au hi,h 2 G G, 
the mapping Pr hl>h2 \ is a representation of £/ by n-place functions. Consider 
the family of representations P(h 1 ,h 2 ) such that (hi, h 2 ) G 7. Let P be the 
sum of this family, i.e. P = Yl P(h!,h 2 )- Of course, P is a representation 

(/ii,M67 

of £/ by n-place functions. Let us show that x = XP-> 7 = 7p an d 71 = 71 P- 

Let (51,52) G xp- Then, according to ©, we have (51,52) G X^i,/^) 1 
for all (hi,h 2 ) G 7, i.e. 

(V(/ii,/i 2 ) G 7) (pr 1 P(^ 1)/l2 )(5i) C pr 1 P( /lljfe2 )(5 2 )) , 
which is equivalent to 

(V(%> 2 ) G 7 )(Vx?) (xj G pr 1 P (hl ,, 2) (5i) — a:? G pr x P^^fe)) . 
From this, for x™ = e™, we obtain 

(y(h!,h 2 ) G 7) (e? G priP (Allha) (^i) ► G pr x P( hllha )(ite)) , 
which means that 

(V(/ii, fca) G 7) C 51 V h 2 Z 51 — ► &l C 52 V /i 2 Z 52) • 

Let 51 7^ 0. Then 51T51 and the above implication gives 51 Z 51 — ► 
51 Z 5 2 . This proves (51, 5 2 ) G x because x is reflexive. If 51 = 0, then 
= 0[5 2 ..-5 2 ] Z 5 2 , by the u-negativity of x- Hence (0,5 2 ) G x- So, 
(51,52) G x, i.e. XP C x- 

Conversely, let (51,52) G x, (^1,^2) G 7 and x^ G pr x P( hltfl2 )(gi). If 
x™ G G n , then hi Z 5i[x™] V h 2 Z 51 [x™]. Since the Z-regularity of x to- 
gether with gi Z 5 2 implies 51 [x™] IZ 5 2 [x™], from the above we conclude 
hi Z g 2 [x^} V /i 2 Z g 2 [x% i.e. xj G pr x P {huh2) (g 2 ). Similarly, in the 
case x? = ej, from el G p^ P(/ llj / l2 )(5l) it follows el G pr x P (/lli h2) (g 2 ). 

is 

In the case when Xi = M*(©2/f), 2 = l,...,n, for some yf G G s , 
ii 

1 X(h 1 ,h 2 ) denotes this quasi-order which corresponds to the representation P(h 1 ,h 2 )- 
Analogously are defined 7(h 1 ,k 2 ) and ft(h 1 ,h 2 )- 
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ii,...,i s G {1, ...,n}, applying the /-regularity of x to g% Z 52, we ob- 
tain 31 ©yf Z 32 ©yf, whence, in view of hi Z 31 © yf V h 2 Z 31 ©yf, 

we obtain % IZ 32 © yf V h 2 Z 32 © yf- Therefore x™ E pr x P( /llj ^(32), 
ii h 

which proves pr x P( hl ,h 2 )(gi) C pr x P( hljfl2 )(g 2 ) for all (hi, h 2 ) G 7. Thus 
(91,92) £ X-P) i- e - X C xp- Consequently, x = Xp- This, together with the 
condition (c) formulated in the theorem, gives it = x^x -1 = XP^Xp 1 = ^P- 

So, 7T = 7Tp. 

Now let (gi,g 2 ) G 7p. Then, according to ©, we have (31,32) G 7(/u,fc 2 ) 
for some (hi, h 2 ) G 7, i.e. 

(3(hi,h 2 ) G 7) (pr 1 P (fel)/l2) (3 1 ) Hp^P^ ^(33) / 0) , 

which is equivalent to 

(3(hi,h 2 ) E7)(3x?) (a?i €pr 1 P (ftl)ha) (^i) A X™ G pr x P(h 1 ,h 2 )(92)) ■ 

This, for G G n implies hi Z 9i[xf\ V h 2 Z 31 fx™] and hi Z 3 2 [xi] V h 2 Z 
32 [xi } ■ From the above, in view of hi T h 2 and (|T5|) , we obtain g\ [x™] T g 2 [x™] , 
whence, applying the Z-cancellativity of 7, we get 31 T 32, i.e. (31,32) G 7. 

In the similar way, we can see that in the case x" = e™ the condition 
(91,92) G 7 also holds. 

If Xi = /4(ffi yf), i = 1, . .. ,n, for some yf G G s , ii, . . . , i s G {1, . . . ,n}, 

n 

then hi Z 31 © yf V h 2 Z 31 © yf and hi Z 32 ffi yf V h 2 Z 32 ffi yf , whence, 

ii ii ii h 

by hiT h 2 and (|15[). we obtain 31 ffi yf T (72 © yf • This gives 31T y 2 because 

7 is /-cancellative. In this way we have proved that in any case 7p C 7. 

Conversely, let (31,32) G 7. Since x is reflexive, 31 Z 31 and 32 Z 32, 
whence 31 Z 31 V 32 Z 31 and 31 Z 32 V 32 Z 32. Consequently, e™ G 

P r i P G?i,<?2)(#i) and e i G Pri-Ptoi,^)^)- Thus (31,32) G 7( 9ll92 ) C 7p, i-e. 
7 C 7p. So, 7 = 7p. 

This completes the proof of the theorem. □ 

Problem 1. Find the necessary and sufficient conditions under which the 
triplet (x, 7, 7r) of binary relations will be faithful projection representable 
for a representable Menger (2, n)- semigroup. 

Deleting from Theorem ^ the equality ir = x H x -1 we obtain the neces- 
sary and sufficient conditions under which the pair (x, 7) of binary relations 
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is projection representable for a representable Menger (2, ra)-semigroup. Fur- 
thermore, all parts of the proof of this theorem connected with these two 
relations are valid. So, we have the following 

Theorem 2. A pair (x, ir) of binary relations on G is projection repre- 
sentable for a representable Menger (2, n)- semigroup Q if and only if x 
is an l-regular and v-negative quasi-order, 7 is an l-cancellative 0-quasi- 
equivalence and the implication (1 15\i is satisfied. 



Problem 2. Find the necessary and sufficient conditions under which the 
pair (x, 7) of binary relations will be faithful projection representable for a 
representable Menger (2, n)- semigroup. 

Let Q = (G; o, ©,..., ©) be a representable Menger (2, ra)-semigroup. 
1 n 

Let us consider on G the set T n (G) of mappings t : x 1— > t(x) defined as 
follows: 

(a) x G T n (G), i.e. T n {G) contains the identity transformation of G, 

(b) if i G {1, . . . , n}, a, b\, ... , ■ ■ ■ ,b n E G and G T n , then 

(c) T n contains those and only those mappings which are defined by (a) 
and (b). 

Let us consider on G two binary relations 5± and 82 defined in the following 
way: 

1- (91,92) G Si < — > gi = t(g 2 ) for some t G T n , 
2. (51,92) G 5 2 < — > < 



gi = (x (B y{)[z] and g 2 = y{)[z] for some 
h h 

xgG, y{eG s , zeG n , . . . ,i s g {1, . . . ,n}, 



where the symbol [z] can be empty. 

It is not difficult to see that Si and S 2 are /-regular relations, additionally Si 
is a quasi-order. Moreover, a binary relation p C G x G is v-negative if and 
only if it contains Si and S 2 . 

Let 7r be an /-regular equivalence on a representable Menger (2, n)- 
semigroup Q. Denote by xi^) the binary relation ft(fFt{82)°8ioir), where Jr 
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and ft are respectively reflexive and transitive closure operations (cf. [3]), 
and o is a composition of relations, 2 i.e. 

oo 

X(vr) = Mfnbh) o 6! o tt) = [J ((<5 2 U A G ) o ^ o vrf . (32) 

71=1 

Since 7r, 6± and f 11(62) are reflexive /-regular relations, x( 7r ) is an /-regular 
quasi-order containing tt, 6± and 62- So, xC 71 ") is a v-negative quasi-order. 

Proposition 4. x( 7r ) *s ^ e /east l-regular and v-negative quasi-order con- 
taining TT. 

Proof. Let x De an arbitrary /-regular and u-negative quasi-order containing 
tt. Then o~i C x an d ^2 C x-> because x is u-negative. Thus, n d 6\ d x 
and f 11(62) C X; whence f 11(62) #1 vr C x 3 C X- From this, applying the 

transitivity of x, we obtain (f 11(62) o 6\ o 7r) n C x™ C X f° r every natural ra. 

00 

Therefore (J ((#2 U Ac) 0^0 tt) 71 C x> i- e - xC 71 ") C X- d 
n=l 

Theorem 3. ^4 pair (7, 7r) 0/ binary relations on a representable Menger 
(2, n)- semigroup Q is projection representable if and only if 

(a) 7 is an l-cancellative 0- quasi- equivalence, 

(b) tt is an l-regular equivalence such that x( 7r ) H (xl 71 ")) 1 G vr ; 

(c) i/te following condition 

hiT h 2 A h,! \Z n gi A h 2 \Z n g 2 — > giT g 2 , (33) 
where h\Z n g means (h,g) G xC 71 "); *s satisfied for all g\, g 2 , hi, h 2 G G. 

Proof. Let P be such representation on a representable Menger (2, n)- 
semigroup for which 7 = 7p and 7r = 7rp. Then, by Proposition 13 
we have x( 7r ) C xp> whence xl 71 ") H (x( 7r )) 1 C xp H Xp 1 = 7rp = 7r. 

Assume now that the premise of (|33|) is satisfied. Then (/ii,^) G 7) 
G XW an d (^2,52) G x(tt)- Consequently, (h,h 2 ) G 7p, (/ii,5i) G 
Xp and (^2,52) G XP, i-e. P^ P(h 1 )C\pr 1 P(h 2 ) / 0, pr x P(/ii) C pr x P(g ± ) 
and pr x P(/t 2 ) C pr 1 P(g 2 ), whence pr x P(g 1 )npr 1 P(g 2 ) / 0. So, (51,52) G 
7p = 7, which means that the condition ()33|) is valid. The necessity is 
proved. 

2 Remind that a o p = {(a,c) | (36) (0,6) G p A (6, c) G cr}, = pU A A , ft(p) = 

OO 

U p™, where p n = p o p o . . . o p, p, a — binary relations on ^4 and = {(a, a) | a € ^4}. 
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To prove the sufficiency, assume that the pair (7, tt) of binary rela- 
tions satisfies all the conditions of the theorem and consider the triplet 
(x(7r), 7, tt). Then tt = tt^ 1 C (x(vr)) -1 , because tt C x(ft)- There- 
fore tt C xC 71 ") fl (xC 71 ")) -1 , which, together with the condition (6), gives 
ft = x( 7r ) H (xC 71- )) • This means that the triplet (x( 7r ) ) 7; tt) satisfies all the 
conditions of Theorem^ So, (x(7r), 7, 7r), and in the consequence, (7, tt) is 
projection representable. The sufficiency is proved. □ 

Problem 3. Find the necessary and sufficient conditions under which the 
pair (7, tt) of binary relations will be faithful projection representable. 

Applying the method of mathematical induction to Q32JI we can prove 
the following proposition. 

Proposition 5. The condition (51,52) £ x{ft)> where 51,52 £ G, means 
that the system of conditions 



n-l 

A 

i=0 



V 



9\ = x A 52 = x n , 

k H _ \ 

Xi = ti((yi z s {:)[wi]). 
fel- 



\ 



/ J 



(34) 



is valid /or some n € N, Xi,yi,Zi £ G, Wi S G n , tj S T n; fcj € {1, . . . , n}. 



□ 



In the sequel the formula 



A 



// k Si \ 

' Xi = ti({yi z[ l )[wi\), 

fc Si 

x i+ i = /x fci ( e 

vv ^ y 



\ 



V Xi = ti(x i+1 ) 



J 



will be denoted by 9Jl(m,n). 

The inclusion x( 7r ) H (x( 7r )) 1 C tt means that for all 51, 52 € G we have 

(51,52) G x(tt) A (52,51) G x(tt) — ► 5l = 52, 

which, according to Proposition[51 can be written as the system of conditions 

(-Vm)n,meN, where 



A ni7n : SDT(0, n — 1) A 9JI(n + 1, re + m) A x = x r 



Xq = x r , 
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The system (4 tl ,m)n,meN is equivalent to the system (A n ) n£ ^, where 

A n : 971(0, n — 1) A xq = x n — > xq = x\. 

Consider now the implication (|33|) . According to (|34[) the condition 
(hi,gi) G xi^) means that 

hi = x A 07t(0, n - 1) A x n = gi (35) 

for some Xj, yj, z^, ij, ki, Wi. Similarly, the condition (/i2i52) G x( 7r ) means 
that 

h 2 = x n+ i A 9tt(n + 1, n + m) A x„ +m +i = # 2 (36) 

for some Xi, yi, z^, U, ki, u>i. So, (|3"3*)) can be written as the system 
(B n ,m)n,meN of conditions 

-Bn,m : x Tx n+ i A 0Jt(0,n - 1) A 9Jt(n + l,n + m) — > a; n Tx n+m+1 . 

In this way we have proved 

Theorem 4. ^4 pair (7, 7r) 0/ binary relations on a representable Menger 
(2, n) -semigroup Q is projection representable if and only if 

(a) 7 is an l-cancellative 0- quasi- equivalence, 

(b) tv is an l-regular equivalence, 

(c) the systems of conditions (A n ) n ^ and (-Bn,ro)n,meN are satisfied. □ 

Theorem 5. A pair (x,^) of binary relations is (faithful) projection 
representable for a representable Menger (2, n)- semigroup Q if and only if x 
is an l-regular and v-negative quasi-order such that tt = x H X ■ 

Proof. The necessity of these conditions follows from the proof of Theorem^ 
To prove their sufficiency, for every element g G G we define an re-place 
function P a (g) : 21* — > G, where a G G, putting 

g[x™} if a C g[x%] and x r [ G G n , 
g if a C 5 and x™ = e™, 

^a(5)(a?i) = S 5©yf ifaC5©yf and x< = Mi ( 37 ) 

i = 1, . . . , re, for some y{ G G s , 
ii,...,i a G {1, ...,ra}. 

Since, for hi = h% = a E G, the function P^^id) defined by (fTB*)) coincides 
with the function P a {g), from Propositions^^Elit follows that the mapping 
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Pa '■ 9 >— > Pa{g) is a representation of Q by n-place functions. Further, 
analogously as in the proof of Theorem ^ we can prove that Pq = ^ P a is 

a representation of Q for which x = XPq and it = irp . So, the pair (x>7r) is 
projection representable for Q. 

Let us show that (x, tt) is faithful projection representable. In [S] it 
is proved that each representable Menger (2, ra)-semigroup has a faithful 
representation by n-place functions. Let A be such representation. Then 
obviously xa = G x G and ir\ = G x G. Consider the representation 
P = A + Pq. Since A is a faithful representation, P is also faithful. Moreover 
Xp = Xa H XPo = GxG(~)x = X and irp = ir\ n 7Tp = GxGn7r = -jr. So, 
(x,vr) is faithful projection representable for Q. □ 

In the same manner, using the construction (|37|). we can prove the fol- 
lowing theorem. 

Theorem 6. ^4 binary relation \ is (faithful) projection representable for 
a representable Menger (2, n)- semigroup if and only if it is an l-regular, 
v-negative quasi-order. □ 

Theorem 7. A binary relation tt is (faithful) projection representable for a 
representable Menger (2, n) -semigroup if and only if it is an l-regular equiv- 
alence such that x( 7r ) H (xl 71 ")) 1 C vr. 

Proof. Consider the pair (x(7r), vr) of binary relations, where xl 71 ") is defined 
by 1)32(1 . In a similar way, as in the proof of Theorem |3 we can prove that 
this pair satisfies all the conditions of Theorem whence we conclude the 
validity of Theorem [7| □ 

Since, as it was showed above, the inclusion xl 71 ") H (x(7r)) _1 C tt is 
equivalent to the system of conditions (A n ) n( z?q, the last theorem can be 
rewritten in the form: 

Theorem 8. A binary relation tt is (faithful) projection representable for a 
representable Menger (2, n) -semigroup if and only if it is an l-regular equiv- 
alence and the system of conditions (A n ) nt =^ is satisfied. □ 

Consider on a Menger (2, n)-semigroup Q the binary relation xo defined 
in the following way: 

oo 

Xo = fttfRih) ° Si) = J ((<5 2 U A G ) o 5x) n , (38) 

n=l 

where ft and fn are reflexive and transitive closure operations. 
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Proposition 6. xo is the least l-regular and v-negative quasi-order on Q. 

The proof of this proposition is analogous to the proof of Proposition |31 

Theorem 9. A binary relation 7 is projection representable for a repre- 
sentable Menger (2 ,n)- semigroup if and only if it is an l-cancellative 0- 
quasi- equivalence and the following implication 

hiT h 2 A hi C gi A h 2 C 92 — > giT g 2 (39) 

is satisfied for all hi, h 2 , 91,92 £ G, where h Co 9 means (h,g) G xo- 

Proof. The necessity of (|3U)) can be proved analogous as the necessity of 
(|33|) in the proof of Theorem |SJ To prove the sufficiency we consider the 
pair (xo>t)- By Proposition H3 this pair satisfies all demands of Theorem 
whence we conclude the validity of Theorem |H1 □ 

Problem 4. Find the necessary and sufficient conditions under which 7 
will be faithful projection representable. 

Basing on the formula (|.S8[) we can prove the following proposition: 

Proposition 7. From (51,52) £ Xo ; where gi,g2 £ G, it follows that the 
system of conditions 



n-l 



91 



xo A g 2 = x n A y\ 



i=0 



( 



\ 



( 



*-% 



I 



\ 



V Xi = ti(x i+ i) 



J 



is valid for n € N, Xi, Z\ S G, wi € G n , ij € T n , fcj 6 {1, . . . , n}. 
Denoting by 9t(m, n) the formula 

\ 



□ 



A 



// k Si s \ 

Xi = ti((yi © z[ l )[wi\), 

Xi+i = Hkii © z il)[wi] 



V 



fcl. 



V Xi — £j(xj_|_i) 



/ 



and using the same argumentation as in the proof of Theorem |1J we can 
prove that the implication (|39[) is equivalent to the system of conditions 
,m)n,mGN; where 



C n ,m '■ xqJ x n+ i A 01(0, n — 1) A 9T(n + l,n + m) 
So, the following theorem is true: 



x T x n 

+m+l ■ 
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Theorem 10. A binary relation 7 is projection representable for a rep- 
resentable Menger (2, n)- semigroup if and only if it is an l-cancellative 0- 
quasi- equivalence and the system of conditions (C n TO ) n me N is satisfied. □ 

4 Projection representable relations on (2,n)- 
semigroups 



Let X) 7 and it be three binary relations on a (2, n)-semigroup (G; ©,...,©). 

1 n 

Similarly as in the case of Menger (2, n)-semigroups we say that the 
triplet {Xil-i 11 ) is {faithful) projection representable for a (2, n) -semigroup 
(G; ffi, . . . , ffi), if there exists such (faithful) representation P of (G; ffi, . . . , ©) 

In In 

by n-place functions for which x = Xp> 7 = 7p and ir = -Kp. Analogously 
we define the projection representable pairs and separate relations. 

It is not difficult to verify that our Theorem ^ formulated for rep- 
resentable Menger (2, n)-semigroup is also valid for representable (2, n)- 
semigroups. The proof of this version of Theorem ^ is analogous to the 
proof of the previous version, but in the proof of the sufficiency instead the 
representation P we must consider the representation P m , which is the sum 
of the family of representations (P' hl f l2 ^)(h 1 ,h 2 )€'y^ where for every g G G 
P (hi,h 2 )^) '■ % G (% = U {(ei,...,e n )} see page EJ) is a partial 
n-place function such that 



( h x ng V h 2 ng 

hi c g © y{ V /i 2 C g © yf 



if x? 



if X,; 



i = 1, . . . , n, for 
some yf G G s and 
it ... ,i s G {1, . . . ,n} 



and 



ffffiyf 



if 



'1: 



if x, = M *(ffiyf), 
ii 

i = 1, . . . , n, for some yf G G s 
and %\ . . . , i s G {1, . . . , n}. 



Also Theorem |21 is valid for (2, n)-semigroups. Moreover, problems anal- 
ogous to Problem 1 and Problem 2 can be posed for (2, n)-semigroups, too. 
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Theorem |3] will be valid for (2, n)-semigroups if we replace the relation 
x(7r) by the relation 



X 



'(*) = ft(f R (S 2 ) on)=[J ((5 2 U A c ) o 7r) n , 



(40) 



n=l 



i.e. if we delete o~i from the formula (|32|) . 

Proposition [5] for (2, re)-semigroups has the following form: 

Proposition 8. The condition (51,52) £ x'l 71 ")? where gi,g 2 £ G, means 
that the system of conditions 



n-l 



i=0 



%i = Hi ffi #1 . j 
fel. 



\ 

V Xj = x i+ i 



/ 



zs ua/id /or some n S N, 2Cj, in, Zi € G, fcj 6 {1, ... , n}. 
Denoting by £(m, n) the formula 



□ 



A 



%i — Hi © -Si 1 , 

x i+ i = ^ ( © 2*) 
fei. 



V 



V = x i+ i 



/ 



and using the same argumentation as in the proof of Theorem |1J we can 
prove 

Theorem 11. A pair (7,7c) of binary relations on a representable (2, n)- 
semigroup is projection representable if and only if 7 is an l-cancellative 
0- quasi- equivalence, ir is an l-regular equivalence, and the systems of condi- 
tions A* and B' m , where 

A* : X(0, n — 1) A xq = x n — > Xq = x\, 

B* m : x T x n+1 A X(0, n - 1) A £(n + l,n + m) — ► x n T x n+m+ i 
are satisfied. □ 
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Theorem is valid for (2, n)-semigroups too, but in the proof, the rep- 
resentation P a defined by Q37JI . must be replaced by the representation P', 
where 



fl 



if a C g and x\ = e", 



Is 



5-0yf if a C5©yf and Xi = ^*(0yf), 
ii ii ii 

z = 1, . . . , n, for some yf € G s , 
and ii, . . . , i s G {!,..., n}. 



For (2, n)-semigroups Theorem |B] has the same form as for Menger (2, n)- 
semigroup, in Theorem [7| the relation xi 7 *) must be replaced by x'i^), and 
in Theorem |H] instead of A n we must use A*. 

Further, using the same argumentation as in the proof of Proposition |1] 
we can prove that the relation 



Xo 



' = ft(fR(6 2 )) = (fcUA G ) n , 



n=l 



where /j and /r are reflexive and transitive closure operations, is the least 
/-regular and v-negative quasi-order on a given (2, n)-semigroup. Using this 
relation, we can prove the analog of Theorem ^3 f° r (2, n)-semigroups. The 
analog of Problem 4 can be posed too. 

Proposition [7| for (2, n)-semigroups has the following form: 

Proposition 9. The condition (51,52) € Xo> w here gi,g 2 G G, means that 
the system of conditions 



n-l 



91 



xo A g 2 = x n A f\ 



i=0 



( 



( 



%i — Hi © 
fel, 

fei. 



\ 



V Xi = x i+ i 



is valid for n G N, Xi,yi, Zi G G. 

Further, denoting by QS(m, n) the formula 

\ 



□ 



A 



V 



fcl. 



V 37 y — 37 



i+l 



/ 



and using the same argumentation as in the proof of Theorem I1U1 we can 
prove 
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Theorem 12. A binary relation 7 is projection representable for a rep- 
resentable (2, n)- semigroup if and only if it is an l-cancellative 0-quasi- 
equivalence and the system of conditions {C' tm ) n ^ m& n, where 

C',m '■ x o T x n+i A 53(0, n - 1) A <B(n + 1, n + m) — ► x T x n+m+ i 

is satisfied. □ 
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